Quantum scattering calculations of vibration-vibration (VV) and vibration-translation (VT) energy transfer for non-reactive H 2 -H 2 collisions on a full-dimensional potential energy surface are reported for energies ranging from the ultracold to the thermal regime. The efficiency of VV and VT transfer is known to strongly correlate with the energy gap between the initial and final states. In H 2 (v = 1, j = 0) + H 2 (v = 0, j = 1) collisions, the inelastic cross section at low energies is dominated by a VV process leading to H 2 (v = 0, j = 0) + H 2 (v = 1, j = 1) products. At energies above the opening of the v = 1, j = 2 rotational channel, pure rotational excitation of the para-H 2 molecule leading to the formation of H 2 (v = 1, j = 2) + H 2 (v = 0, j = 1) dominates the inelastic cross section. For vibrationally excited H 2 in the v = 2 vibrational level colliding with H 2 (v = 0), the efficiency of both VV and VT process is examined. It is found that the VV process leading to the formation of 2H 2 (v = 1) molecules dominates over the VT process leading to H 2 (v = 1) + H 2 (v = 0) products, consistent with available experimental data, but in contrast to earlier semiclassical results. Overall, VV processes are found to be more efficient than VT processes, for both distinguishable and indistinguishable H 2 -H 2 collisions confirming room temperature measurements for v = 1 and v = 2.
I. INTRODUCTION
Collisional relaxation of rovibrationally excited molecules has long been a topic of considerable theoretical and experimental interest. It is an important process in atmospheric chemistry, 1 astrophysics, 2 hydrogen plasmas, and fusion reactors, 3 and in many environments where non-equilibrium kinetics plays a dominant role. More recently, relaxation of vibrationally excited molecules has received renewed interest in the study of the formation and decay of cold and ultracold molecules. [4] [5] [6] [7] [8] For example, in photoassociation 9 and Feshbach resonance 10, 11 schemes the vibrational quenching or chemical reaction that follows the formation of the cold molecules is the main source of their depletion. These techniques generally create molecules in high vibrational levels and the quenching mechanisms of such highly vibrationally excited molecules have not yet been fully understood. For theoretical studies that require a quantum mechanical treatment for such systems, the complexity arises from having to incorporate a large rovibrational basis which makes computational studies prohibitively expensive. As a result some recent calculations have used H 2 as a prototype to understand relaxation of highly vibrationally excited molecules. Molecular hydrogen is also an important species in the interstellar medium, 14 for thin film deposition techniques, 15 and in plasma and fusion research. 16, 17 For instance, in diamond deposition, 15 hydrogen plasmas are often employed. To understand and improve the deposition process, the corresponding kinetics, including those involving vibrationally excited H 2 are required. Vibrationally excited H 2 is present in low-temperature astrophysical media exposed to shocks and intense ultraviolet radiation, in the boundary region of hydrogen plasma expansions, and in magnetically confined fusion plasmas experiments, such as the International Thermonuclear Experimental Reactor (ITER) which is currently under construction. In fusion plasmas and hydrogen plasma expansions, an important loss mechanism of protons is the charge exchange with H 2 . 16 This is an endothermic process which is greatly enhanced by internal excitation of H 2 .
moment. Dating back to 1975, Audibert et al. 21 measured vibrational relaxation of ortho-and para-H 2 between 40 and 500 K and found the self-relaxation rates to remain identical up to 300 K, beyond which the ortho-ortho collision rate becomes larger. Nearly a dozen years after the experiment of Audibert, Meier et al. 22 studied rotational relaxation in vibrationally excited H 2 and D 2 in collisions with H 2 , D 2 , and He at 300 K. They concluded that the pure rotational rates are in general larger than the corresponding rates in v = 0. Kreutz et al. 23 reported in 1988 the direct measurements of vibration-vibration (VV) and vibration-translation (VT) rates out of the v = 2 vibrational level, also near 300 K. The same year, Farrow and Chandler 24 presented experimental results of rovibrational energy transfer between H 2 molecules colliding in their ground and first excited vibrational levels at 295 K. In 2005, Maté et al. 25 reported theoretical and experimental rate coefficients for rotational excitations in para-H 2 -para-H 2 collisions between 2 and 110 K. Subsequently, Ahn et al. 26 reported experimental rate coefficients for VV transitions in H 2 for v = 0 − 5 at 300 K. They investigated both non-resonant VV process such as H 2 
. The resonant VV process involves initially ortho-H 2 in v = 1 (primarily in j = 1 rotational level) and para-H 2 in v = 0 (primarily in j = 0, 2 rotational levels). Thus, the VV process involves transfer of vibrational energy from ortho-H 2 to para-H 2 . For both processes, the measured rate coefficients were found to be comparable to previous experimental results of Kreutz et al. 23 and Farrow and Chandler. 24 Unfortunately, the available theoretical data are rather limited for VV and VT processes in H 2 -H 2 collisions. The most widely quoted results are the semiclassical calculations of Billing and co-workers. [27] [28] [29] [30] However, significant discrepancy exists between theory and experiment for both the resonant and non-resonant VV exchange discussed above. For instance, the semiclassical results for the resonant VV process are found to be about a factor of 30 smaller than the measurements of Ahn et al. 26 Further, the semiclassical calculations predict the non-resonant VV process (1,1 → 2,0) to be more efficient than the resonant process while the experiments indicate the latter to be about a factor of 2.5 times faster. 26 The discrepancy is attributed to the classical mechanical treatment of rotational motion in the semiclassical approach which is less appropriate for a highly anharmonic molecule such as H 2 . More recently, Kelly 31 reported results for VV and VT exchange in H 2 -H 2 collisions using a semiclassical approach in which both rotation and vibration are treated quantum mechanically with relative translational motion treated classically. However, the dependence of the H 2 -H 2 interaction potential on H-H separations was modeled based on a He-H 2 potential and transition probabilities were computed using firstorder perturbation theory. While this approach yielded improved agreement with experiment for the resonant VV process described above the agreement is less satisfactory for other non-resonant VV processes.
The H 2 -H 2 system has been the topic of a large number of theoretical investigations over the last two decades with focus both on computing improved interaction potentials [32] [33] [34] [35] [36] [37] and on quantum dynamics calculations. 13, [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] Quantum calculations are the primary source of state-resolved rate coefficients for astrophysical modeling. Excitation of rotational and vibrational levels of H 2 by collisions with H, H + , He, H 2 , and electrons followed by emission of quadrupole radiation is considered to be the main cooling mechanism of the primordial gas. While H 2 -H 2 collisions only constitute a subset of the data needed for H 2 cooling, it is one of the more challenging systems for quantum dynamics calculations due to the many degrees of freedom involved in a diatomdiatom interaction. As a result, many of the early H 2 -H 2 calculations resorted to the rigid-rotor approximation. However, in the last several years, a number of full-dimensional quantum calculations have been reported within the timedependent 45, 47, [49] [50] [51] [52] and time-independent 13, 44, 46, 53-55 quantum formalisms. Some of these calculations have adopted the coupled-states approximation, [44] [45] [46] [47] which was shown to be reliable. Recent calculations from our group have adopted the full close coupling method within the time-independent quantum formalism 13, [53] [54] [55] and largely explored interesting features of molecule-molecule collisions at temperatures in the cold and ultracold regimes, where quantum effects play a dominant role. In the course of this work, novel energy transfer mechanisms that lead to exchange of rotational and vibrational quanta between the colliding molecules have been investigated. In particular, in collisions of indistinguishable H 2 molecules (para-para or ortho-ortho), exchange of rotational quanta between the two molecules as in H 2 (v 1 , j 1 ) + H 2 (v 2 , j 2 ) → H 2 (v 1 , j 1 + 2) + H 2 (v 2 , j 2 − 2) lead to highly efficient transitions that conserve the total rotational angular momentum of the molecules and nearly conserves the total internal energy. 13, 56 Similarly, in collisions of distinguishable H 2 molecules (ortho-para), as in the H 2 (v 1 , j 1 ) + H 2 (v 2 , j 2 ) → H 2 (v 2 , j 1 ) + H 2 (v 1 , j 2 ) quasi-resonant process, involves the exchange of vibrational quanta between the two molecules while conserving the total rotational angular momentum of the collision pairs. 55 This latter process is a VV energy transfer mechanism which becomes more specific and dominant at low energies.
In this study, we focus on the above mentioned VV and some selected VT processes that have been the topic of several experimental studies but for which no explicit quantum calculations have been reported. We employ a full quantum close coupling approach with an interaction potential that explicitly includes the stretching of the H 2 bond. Our previous studies of vibrational relaxation from v = 1 in H 2 -H 2 collisions indicated that the full six-dimensional interaction potential of Hinde 36 yields results in closer agreement with experiment. Thus, we have chosen the Hinde potential for the calculations reported here. However, this interaction potential includes only a limited range for the H-H separation and it is not recommended for v > 1. Thus, our results presented here for v = 2 may not be as accurate as for v = 1. Nevertheless, our calculations provide improved agreement with experiments compared to the semiclassical calculations of Billing and co-workers [27] [28] [29] [30] 
II. THEORY AND COMPUTATIONAL DETAILS
A full close-coupling formalism based on the solution of the time-independent Schrödinger equation is used to solve the scattering problem. The scattering calculations are carried out using a modified version of the TwoBC code. 57 The modifications allow treatment of both distinguishable and indistinguishable molecules. Only a brief description of the methodology is presented here. A more detailed discussion can be found in Refs. 53 and 54 as well as in the work of Takayanagi, 58 Green, 59 Alexander and DePristo, 60 and Zarur and Rabitz. 61 The close-coupling formalism uses the total angular momentum space-fixed representation of Arthurs and Dalgarno 62 to solve the time-independent Schrödinger equation. Atomic units are used throughout, unless otherwise noted.
The Jacobi coordinate system employed in the calculations is shown in Fig. 1 . The Hamiltonian,
of the four-atom system is composed of a kinetic energy term T ( R) describing the relative motion of the two molecules, two kinetic energy terms T ( r 1 ) and T ( r 2 ) for each diatomic molecule and the potential energy surface (PES) function,
describing the interaction between the two H 2 molecules. The kinetic energy terms of the Hamiltonian in Eq. (1) include contributions from the rotational motions of the two diatoms and the orbital angular momentum associated with the relative motion. Thus, the operator
2 describes the rovibrational energies of the two molecules. For each value of the total angular momentum quantum number J and its projection M on a space-fixed axis, the diabatic functions
serve as basis functions to expand the total wave function
R). (4)
The functions χ vj 1 j 2 (r 1 , r 2 ) denote the vibrational wave functions of the two molecules and r 1r2R |jlJ M denote rotational wave functions in the total angular momentum representation. The subindexes v and j refer to the collection of vibrational (v 1 , v 2 ) and rotational (j 1 , j 2 , j 12 ) quantum numbers, respectively. Explicit expressions for these quantities are given in Refs. 53 and 54. Substitution of Eqs. (1) and (4) in the time-independent Schrödinger equation leads to a set of close-coupling radial equations,
which are solved using the log-derivative method. 63, 64 In the above expression, ε vj denotes the rovibrational energy of the separated H 2 pairs corresponding to a given |v, j = |v 1 , j 1 ; v 2 , j 2 level. The inversion and exchangepermutation symmetries are represented by ε I and ε P , respectively.
For indistinguishable molecules, the state-to-state cross section is given by a statistically weighted sum of the exchange-permutation symmetrized cross sections
with
where E c is the center-of-mass kinetic energy for the initial channel. For para-H 2 molecules (nuclear spin I = 0), W + = 1 and W − = 0. For ortho-H 2 , W + = 2/3 and W − = 1/3. Corresponding expressions for distinguishable molecules are given in Refs. 53 and 54.
The state-to-state rate coefficients are obtained by integrating the corresponding cross sections over the MaxwellBoltzmann distribution of relative velocities,
The computational details of the calculations follow the description given in Refs. 13 and 53-55. A series of convergence tests determined the size of basis sets included in the expansion (4). Due to symmetry considerations, para-para H 2 TABLE I. The first and second columns show the choice of the basis set and the cut-off energies. In the first column o-H 2 and p-H 2 stands for ortho-H 2 and para-H 2 , respectively. The basis set is denoted by the maximum rotational quantum number j included in each relevant vibrational level v of the H 2 molecule. For instance, for ortho-para H 2 {0,9;1,7-0,10;1,6} means that for the ortho-H 2 we have included rotational states up to j v=0 = 9 in the v = 0 vibrational level and j v=1 = 7 in v = 1. The third column shows the number of channels involved at each step of the calculations. Para-para and ortho-para H 2 require calculations for each inversion symmetry (positive and negative), while for ortho-ortho H 2 collisions, besides inversion, positive and negative exchange-permutation symmetries also need to be accounted for. calculations lead to a smaller basis set and, in turn, a much smaller set of coupled differential equations to be solved. On the other hand, ortho-ortho and ortho-para calculations are computationally more demanding requiring typically a few thousand coupled channels. We adopted an energy cut-off to minimize the number of coupled channels. The choice of the basis set and the energy cut-off reflects an effort to strike a balance between accuracy and computational efficiency. Our choices of basis set, the cut-off energy, and the number of channels for each case are given in Table I .
III. RESULTS

A. Cross sections
We present results for H 2 (v = 1-2) colliding with H 2 (v = 0) with rotational levels j = 0-3. For convenience, we use the notation v 1 55 and only comparison of their rate coefficients with experimental data will be discussed here. Extensive convergence tests have been carried out to verify that results (elastic and leading inelastic cross sections) presented are converged to within 5% or better with respect to the choice of the basis set, energy cut-off value, and summation over angular momentum partial waves. The collision energy range investigated spans from 1 μK to 10 000 K (6.9 × 10 −7 to 6.9 × 10 3 cm −1 ). In Figs. 2-6 , we present the state-to-state cross sections for each of the initial states. Only cross sections for selected transitions are presented for clarity. State-to-state cross sections that are not included in the figures make negligible (<1%) contribution to the total inelastic cross section.
Rovibrational transitions from v = 1
Due to the different nuclear exchange-permutation symmetries of the colliding molecules (para-and ortho-H 2 ), no exchange of rotational quanta between the two molecules leading directly to an ortho-para transition can occur. However, as shown in Fig. 2 , exchange of a vibrational quantum between the two molecules (1001 → 0011, a resonant VV transition) is the dominant inelastic transition for energies below 540 K. Above this energy, rotational excitation of the para-H 2 molecule leading to the 1201 final state becomes the dominant inelastic channel.
For the 1201 initial state, shown in Fig. 3 , a VV exchange (1201 → 0211) is not the predominant inelastic process. In contrast to the 1001, a pure rotational de-excitation of the v = 1 molecule (1201 → 1001) dominates at low energies until a rotational excitation channel opens up leading to the population of the 1003, 1203, and 1401 final states. The final state 1003 involves simultaneous rotational de-excitation of the vibrationally excited para-H 2 molecule and rotational excitation of the vibrational ground state ortho-H 2 molecule. For both 1001 and 1201, the vibrational de-excitation (VT) channel makes negligible contribution to the total inelastic cross section. Fig. 2 , the top curve denotes the elastic cross section while the thick dotted curve represents the total inelastic cross section. The latter is dominated by the 1201 → 1001 transition. At higher energies, additional transitions involving rotational changes in one or both molecules make significant contributions to the inelastic cross section.
Rovibrational transitions from v=2
For Fig. 6 . The resonant VV transition, 2001 → 0021, which involves the exchange of two vibrational quanta between the two molecules, is the dominant inelastic channel for energies below 300 K. This is followed by the 2001 → 1011 transition which involves the exchange of one vibrational quantum. Beyond a collision energy of 485 K, the rotational excitation channels become more predominant.
B. Rate coefficients
Rate coefficients for some state-to-state transitions are shown in Fig. 7 . The 0011 → 1001 and 1010 → 2000 transition rate coefficients were obtained by detailed balance (see for instance Ref. 38) . It is seen that the rate coefficients for the resonant VV transition, 1001 → 0011, and the reverse process are nearly identical for the displayed temperature range. This is attributed to the very small energy defect of only 8. 
IV. DISCUSSION
Rate coefficients for selected transitions from our calculations are presented in Table II along with available theoretical and experimental results. For the 1001 → 0011 transition, which occurs through a VV process, Farrow and Chandler 24 reported a value of 7.1 ± 3 × 10 −14 cm 3 s −1 at 298 K which is in agreement with our computed value of 1.05 × 10 −13 cm 3 s −1 . Our rate coefficient for the reverse process, 0011 → 1001, estimated from detailed balance, is 1.0 × 10 −13 cm 3 s −1 at 300 K, in excellent agreement with the experimental result of 9.9 ± 2 × 10 −14 cm 3 s −1 reported by Ahn et al. 26 Our result is also in close agreement with the value of 1.2 × 10 −13 cm 3 s −1 reported by Kelly 31 using a semiclassical approach that treats both rotational and vibrational motions quantum mechanically. In contrast, the semiclassical result of Cacchiatore and Billing 28 is 3.6 × 10 −15 cm 3 s −1 , about a factor of 28 smaller. The discrepancy is, in part, attributed to the classical treatment of rotational motion which is not adequate for a light molecule such as H 2 .
Meier et al. 22 reported experimental rate coefficients for H 2 (v 1 = 1, j 1 = 1) + H 2 (v 2 = 0, j 2 ) collisions. However, it is not clear if the H 2 molecule in the v = 0 level is ortho-H 2 or normal-H 2 . They reported rate coefficients for rotational excitation corresponding to the
2 ) (referred to as k 13 ), and its reverse 
this would correspond to a 1103 → 1301 transition, which can also occur through exchange of rotational quanta between the two molecules. The value of k 13 reported in their study includes contributions from both processes. Our calculation yields a rate coefficient of 3. 31 . However, it must be emphasized that, as discussed in detail in our previous publication, , in close agreement with experiment, if indeed the experimental rate coefficient includes both processes (note that the measurement does not distinguish these two processes as both lead to rotational relaxation of the vibrationally excited molecule, similar to rotational excitation of the v = 1 molecule discussed in the case of k 13 ). 23 reported experimental results of VV and VT rate coefficients for H 2 (v = 2) + H 2 (v = 0) collisions. For the VV process they reported a value of (1-4) × 10 −14 cm 3 s −1 at 298 K compared to a value of (0.6-2) × 10 −15 cm 3 s −1 for the VT counterpart.
In a more recent experiment, Ahn et al. 26 reported experimental results for the VV process to be 1.3 × 10 −14 cm 3 s −1 in excellent agreement with our predicted value. While our results for the VV process is in close agreement with experiment, our predicted value for the VT rate coefficient is about an order of magnitude smaller than measured. However, it is important to emphasize that the computed result pertains to specific rovibrational transitions for para-H 2 , while the measurements include a thermal population of rotational levels of both ortho-and para-H 2 molecules. Since VT rates are much smaller, they are much more sensitive to the details of the interaction potential and initial population of rotational levels. Nevertheless, the important aspect is that both experiments and calculations indicate that the VV process is about an order of magnitude more efficient than the VT process. It is also interesting to note that the rate coefficient for this VV process (2000 → 1010) is about an order of magnitude smaller than the 1001 → 0011 VV process discussed above. The difference is attributed to the almost resonant character of the latter process (energy gap is only 8.5 K and the process is in the exothermic direction) compared to the non-resonant nature of the former (energy gap is 340 K and the process is in the endothermic direction). From detailed balance, we obtain a value of 3.98 × 10 −14 cm 3 s −1 for the 1010 → 2000 VV transition at 300 K. This is in excellent agreement with the experimental result of 3.8 × 10 −14 cm 3 s −1 reported by Ahn et al. 26 Finally, while it is noted above that ortho-para transitions for a given H 2 molecule are forbidden in the purely inelastic processes studied here, the 1001 → 0011 VV transition results in an effective j = 1 → j = 0 conversion in v = 0. This is particularly intriguing as the rate coefficient, shown in Fig. 7 , is large and slightly increasing with decreasing temperature, as it is exothermic by 8.5 K. A similar effect occurs for 1201 → 0011, but because the energy gap is 493 K, it is less efficient by two orders of magnitude. The 1201 → 0211 transition, on the other hand, is efficient, driving an effective v = 0, j = 1 → j = 2 conversion, though it is endothermic by 17 K. Such mechanisms may be important in molecular gas when the abundance of atomic hydrogen is too small to drive H 2 ortho-para conversions through reactive channels.
V. CONCLUSION
Detailed state-to-state cross sections and rate coefficients for rotational and vibrational energy transfer in H 2 -H 2 collisions with an emphasis on VV and VT transfer process are presented. The primary motivation of these studies is to provide a full quantum mechanical description of these processes on a reliable, full-dimensional potential energy surface so that benchmark results can be obtained for comparison with available experimental data and future investigations. Our calculations show that the VV process is about an order of magnitude more efficient than VT transitions, in agreement with available experimental data. In H 2 (v = 1, j = 0) + H 2 (v = 0, j = 1) (1001) collisions, the resonant VV transition leading to H 2 (v = 0, j = 0) + H 2 (v = 1, j = 1) (0011) products dominates over pure vibrational relaxation of the para-H 2 molecule. Similarly, in H 2 (v = 2, j = 0) + H 2 (v = 0, j = 0) (2000) collisions VV transfer leading to H 2 (v = 1, j = 0) + H 2 (v = 1, j = 0) (1010) products dominate over VT process leading to the H 2 (v = 1, j = 0) + H 2 (v = 0, j = 0) (1000) channel. Due to the almost resonant character of the 1001 → 0011 VV transfer, its rate coefficient is found to be about an order of magnitude larger than the non-resonant 2000 → 1010 VV transition. Our results are in excellent agreement with experiment for both the 2000 → 1010 process and its reverse exoergic counterpart. The current full quantum dynamics calculations are also in close agreement with the semiclassical results of Kelly, 31 who adopted a quantum mechanical approach for both the rotational and vibrational degrees of freedom, but treated the relative motion classically.
The coupled channel formalism employed in the calculations can be applied to excited vibrational levels of H 2 beyond the v = 0-2 levels considered in this study. Unfortunately, the PES adopted here is not recommended for high vibrational levels and we hope that improved calculations of the H 2 -H 2 interaction potential will allow investigations of energy transfer mechanism in highly vibrationally excited H 2 .
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